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Motivation & Goal

m Manufactured composite materials are often intended to be periodic
m Manufacturing process =— Random defects — Non-periodic result

m How such defects affect the mechanical integrity of the material ?
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Motivation & Goal

m Manufactured composite materials are often intended to be periodic
m Manufacturing process =— Random defects — Non-periodic result
m How such defects affect the mechanical integrity of the material ?

Goal of the talk
m We propose and analyze a numerical approach to efficiently solve elliptic
PDEs with periodic coefficient that has random defects, in 1D and 2D

m The methodology uses pre-computation of certain configurations in an
offline phase allowing rapid solution of the problem in the online phase
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Problem formulation
m Diffusion equation in Q = [0;1]¢
Perfect coefficient
Find us: Q2 — R s.t.
(Z)| —div(A:Vu) =f inQ
us =0 on o2

m Setting

FEL2Q) A EfaBl A — Al g ~ 1

m Example

Ae, perfect coefficient

Perturbed coefficient
Find u: Q2 — R s.t.
(2)| —div(AVu) =f inQ
u=0 on 9N

A, perturbed coefficient

supp(A. — A) < ||
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Notations

Find u € V .= H}(Q) st

(2) - B
a(u, w) := (AVuy,Vw) = (f,w), VweV

m Fine mesh T, and V}, the corresponding P1-FEM space
m Let up € Vj, solve a(up, w) = (f,w), Vw € V.
m Coarse space Vg C V, with h<e < H

wi

k—E€— < H

~N-
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Construction of randomly perturbed coefficient A

m Randomly perturbed coefficient

Ag(x) = Aper(x/€) with Aper 1-periodic and elliptic and € = 1/n, B, similar

A(x,w) = Ae(x) + bpe(x, w)Be(x),

m Example : Sponge

Aper(X)

34t ---
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Construction of randomly perturbed coefficient A

m Randomly perturbed coefficient
= Ae(Xx) + bpe(x, w)Be(x),
= Aper(x/€) with Aper 1-periodic and elliptic and € = 1/n, Be similar

A(x, w)
Ac(x)
m Random character
ps X, w Z Xs(/+Q
J€lp
m Example : Sponge
1 Aper(X)
3/ - -- Q
1/4 T " |
(0.0) 1 3/4 1

bl(w)

where

bl (w) ~

P

HBer(p) i.id.
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Construction of randomly perturbed coefficient A Coefficient

. . turbati
m Randomly perturbed coefficient peribations

A(x,w) = Ae(x) + bpe(x, w)Be(x),

A. WAYOFF
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Construction of randomly perturbed coefficient A
m Randomly perturbed coefficient
A(x,w) = Ae(x) + bpe(x, w)Be(x),
Ag(x) = Aper(x/€) with Aper 1-periodic and elliptic and € = 1/n, B, similar

m Random character

bp.e(x, w) = ZXEUjLQ)(X)IB{,(w) where bl (w) ~ Ber(p) i.i.d.

m Example : Checkerboard
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Examples of RHS configurations

A No random defects

Perturbed coefficient
(sponge)

RHS exactly in

the defect block

RHS far away

from the defect block

Global RHs

Questions

m 3 RHS s.t. [|[V(ue — u)l2(q) is big 7

m Global RHS = small solution differences 7

m Dependence diameter/number of defects, contrast and FEM mesh size
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A single non-random defect (P; FEM) Coefficient

perturbations

A. WAYOFF

O e — — S S 2 .
F 1 Introduction
| . Single defect

107} .

Examples of RHS
configurations

A single
non-random defect

—o— —— (P FEM)

107%

t

-3 , Random
10 ] . . defects

'

[ 1 Comparison of
107% ¢ 3 strategies in 1D

Conclusion

L

10t Pattern size 102

IV (ue,n — “h)HLZ(Q)/Hv“e,hHL?(Q)

a =1, B =10, FEM mesh size : 243

Observations
m f exactly in : the worst error, as expected

m f =1 :in-between the two other configurations
m f exactly in & f far away : errors for checkerboard > errors for sponge

7/16



Random defects

Goal
rEfficient computation of solution for many different realizations A

A P1 FEM, no multiscale method

Subspace decomposition preconditioner & Convergence analysis
Multipoint inversion formula

Offline-online strategy
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Subspace decomposition preconditioner

[Kornhuber & Yserentant, 2016]

m Decomposition V =V +V, +---+V,

Vo =Wy, \/,-:{VGV‘supp(v)Cw,-}.

coarse space

local spaces
m Projections P;: V — V;, such that

(AVPv,Vw) = (AVv,Vw) wevV;

Preconditioner

P= P +P+ - +P,
~ Y——

coarse  decoupled & local
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Subspace decomposition preconditioner Coefficient

perturbations
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Subspace decomposition preconditioner Coefficient

[Kornhuber & Yserentant, 2016] perturbations

TH A. WAYOFF
EEEEEEEE EEHR
. Decomposition V = \/O + \/1 + -4+ \/n EEEEEENENNRNBNBN| ntroduction
EEE EEEEEEEEN
EEEEEEEEEEE | O ngledefect
Vo =Wy, \/,-:{VEV‘supp(v)Cw,-}. EEEEEEER III
~— "E R EREE R EER BN IR defects
coarse space local spaces EEEEENE NENNBN| Subspce
EEEEEEEEEEEE oot
n Projections PI': V — \/’., SUCh that EEEEEEEEER | ;\/Iultiproint inversion
E EEEEEEEENNE O
EEEEEEEEEEEE 00
(AVPv,Vw) = (AVv,Vw) wevV; EEEEENE EEEEHR

Comparison of
strategies in 1D

Conclusion

Preconditioner

P= P +Pi+--+P,
-~ Y———

coarse  decoupled & local

» Preconditioned conjugate gradient method (PCG method)
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Convergence analysis [Kornhuber & Yserentant, 2016]
m Any function v € V can be decomposed into v = vy + v; + --

v; € V; so that
Z lvillz <

= ¢j(v — Iyv) where Zpy: H3(Q) — Vi is an

-+ v,, where

KlHVHA

Achieved with vog = Zyv and v;

n
interpolation operator and Y ¢; = 1.
i=1
m For any decomposition v = vy + vy + - --

K> Z villa-

+ vy

IvIla <

K1 and K> are independant of h and H and only depend on the contrast B/c.

Bound for the error of the pPcaG algorithm after / iterations

i Ve —1
= u || < 2<W un = 03]

where k = K1 K>
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Multipoint inversion formula [pusson, Garrigue & Stamm, 2023]
m Idea : Assuming that we know the inverses (A,-_l)l.:1 y and that

N
A= Z CX,’A,’,
i=1

under which conditions is the same linear combination of inverses
N
A= Z Oé,'A,'_1
i=1

a good approximation for A=1 ?
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Multipoint inversion formula [pusson, Garrigue & Stamm, 2023]

.....

N
A= Z CX,’A,’,
i=1

under which conditions is the same linear combination of inverses

N
/’4" = Z Oé,'A,'_1
i=1

a good approximation for A= ? — Multipoint perturbation formula
m Numerical experiments

Find u(): Q — R such that
—div(AVu)) =f inQ
u) =0 on a0

V(u—1u N .
IV (v = )] 2 where 7= aul).
IVull2) =
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Offline-online strategy Inspired by [Malquist & Verfiirth, 2022]

Input : Problem data A,, B, Q,
Fix k € {1,..., n}, Precompute and save offline coefficients {A;}),
for{=0,...,Ndo

‘ Precompute P,Ee): V — Vj defined by (AgVPk(e)v, Vw) = (AVv,Vw) VYw eV

end
for all sample coefficients A do
fori=1,...,ndo
Compute {ug}), such that Al,, = Zé\l:o WAy
Assemble P; := ZQI:O p,ng(Z)
end
P:=Py+ Y7, P and Solve PCG system
end
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Offline-online strategy Inspired by [Malquist & Verfiirth, 2022]

Online coefficients
|
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- =0x +0x +0x +1x +0x
M | HE HE | [ HE

****** 1 T T T T

|
Offline coefficients A,

Input : Problem data A, B, Q,
Fix ke {1,..., n}, Precompute and save offline coefficients {A,})Y., Offline phase
for{=0,...,N do

‘ Precompute P,Ee): V — V defined by (AgVPk(e)v, Vw) = (AVv,Vw) Vw e Vg

end
for all sample coefficients A do Online phase
fori=1,..., n do
Compute {ug}), such that Al,, = Zé\lzo WAy
Assemble P; := ZQV:O p,gPéZ) Rapid assembly
end
P:=Py+ Y, P and Solve PCG system
end
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Remark : Ngef =0 = standard periodic homogenization
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Root mean square relative L2-errors

0.05 0.09 0.13 0.17 0.21 0.25 0.29
Probability
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